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ABSTRACT
Integral measures of weak gravitational lensing by dark-matter haloes, like the aperture mass, are sensitive to
different physical halo properties dependent on the halo mass density profile. For isothermal profiles, the relation
between aperture mass and virial mass is steeper than for haloes with the universal NFW profile. Consequently,
the halo mass range probed by the aperture mass is much wider for NFW than for isothermal haloes. We use
recent modifications to the Press-Schechter mass function in CDM models normalised to the local abundance of
rich clusters, to predict the properties of the halo sample expected to be accessible with the aperture mass technique.
While ∼ 10 haloes should be detected per square degree if the haloes have NFW profiles, their number density is
lower by approximately an order of magnitude if they have isothermal profiles. These results depend only very
mildly on the cosmological background model. We conclude that counts of haloes with a significant weak-lensing
signal are a powerful discriminator between different dark-matter profiles.
1. INTRODUCTION
One of the manifestations of gravitational lensing is the coher-
ent distortion of the images of faint background galaxies near
foreground matter concentrations due to their tidal gravitational
field. This effect is now well established for lensing by large-
scale structure [e.g. Van Waerbeke et al. 2000; Bacon, Re-
fregier & Ellis 2000; Kaiser, Wilson & Luppino 2000; Wittman
et al. 2000; Maoli et al. 2001; Van Waerbeke et al. 2001], in
which case it is called “cosmic shear”, and for lensing by galaxy
clusters and groups. Following pioneering work by Kaiser &
Squires (1993), detailed two-dimensional mass maps of galaxy
clusters were constructed [e.g. Fischer & Tyson 1997; Clowe et
al. 2000; Hoekstra, Franx & Kuijken 2000] and the weaker ef-
fect of galaxy groups were stacked to quantify their mean prop-
erties (Hoekstra et al. 2001). See for example Mellier (1999)
and Bartelmann & Schneider (2001) for recent reviews on weak
lensing.
Being sensitive only to projected total mass, weak gravita-
tional lensing also allows the detection of sufficiently massive
haloes only by the effects of their mass, regardless of their com-
position, physical state and relation to luminous material (Erben
et al. 2000). Cumulative measures for their gravitational tidal
field, or shear, were proposed, among which the so-called aper-
ture mass (Kaiser et al. 1994; Schneider 1996) is most directly
related to observations. The aperture mass is a suitably weighted
integral of the surface mass density inside a circular aperture,
which is equivalent to a differently weighted integral over the
net tangential shear within the aperture. The aperture mass is
therefore a direct observable.
It was recently shown in a different context (Bartelmann
2001) that it depends on the density profile of a halo as to
which physical halo property the aperture mass actually mea-
sures. While the aperture mass is ∝ M2/3 for singular isother-
mal profiles, it is ∝ M1/3 for the universal profile proposed by
Navarro, Frenk & White (1997, hereafter NFW), with M being
the virial halo mass.
In this paper, we study the consequences of this difference
in detail. The basic idea is this. Given a fixed sensitivity limit
of aperture mass measurements, the flatter dependence of aper-
ture mass on virial mass for NFW haloes compared to isother-
mal haloes implies that aperture mass measurements can cover
a broader physical mass range if the halo population has NFW
rather than isothermal profiles. The physical masses accessi-
ble to aperture mass measurements correspond to rich groups
and clusters, whose mass function is steep, turning over from
power-law to exponential decrease with increasing mass. Even
a small change in the accessible mass range can thus give rise to
substantial changes in the numbers of haloes expected to be de-
tectable with the aperture mass method. Conversely, this implies
that number counts of haloes with significant aperture mass can
sensitively constrain the halo density profiles, without the need
to obtain detailed density profiles of individual haloes.
The plan of the paper is as follows. We summarise the aper-
ture mass and its relevant properties in Sect. 2., and description
of the halo population in Sect. 3.. Results are shown in Sect. 4.,
and Sect. 5. contains a discussion and our conclusions.
2. APERTURE MASS AND HALO PROFILES
2.1. Aperture mass
The aperture mass, suggested in Schneider (1996) to quantify
the weak-lensing effects of dark-matter haloes, is an integral
over the lensing convergence κ within a circular aperture of an-
gular radius θ, weighted by a function U(ϑ) which vanishes out-
side the aperture,
Map(θ) =
∫
d2ϑκ(~ϑ)U(|~ϑ|) . (1)
The prime advantage of Map is that it can directly be determined
from the measured tidal distortions of background-galaxy im-
ages in the chosen aperture, provided U(ϑ) is compensated, i.e.
2pi
∫ θ
0
dϑϑU(ϑ) = 0 . (2)
A broad class of weighting functions satisfies this condition. In
Schneider et al. (1998) the simple form was suggested,
U(ϑ) = 9
piθ2
[
1−
(
ϑ
θ
)2] [1
3 −
(
ϑ
θ
)2]
(3)
1
within the aperture, and U(ϑ) = 0 outside.
The aperture mass depends on source redshift because the
convergence κ does. Since this is a linear dependence, and Map
depends linearly on κ, a realistic source redshift distribution like
p(zs) =
β
z30 Γ(3/β)
exp
[
−
(
z
z0
)β]
(4)
can easily be taken into account by averaging Map over p(zs).
We choose β = 1.5 and z0 = 1.0 here and assume from now
on that source-redshift averaged aperture masses are being used.
For simplicity, we denote them by Map as before, as there is no
risk of confusion.
Schneider (1996) also calculated the dispersion of Map due to
the finite number of randomly distributed background galaxies
and their intrinsic ellipticities. Assuming typical values for the
number density ng of suitably bright background galaxies and
for the dispersion σε of their intrinsic ellipticities, it was found
that
σM(θ) = 0.016
(
ng
30arcmin2
)−1/2 ( σε
0.2
)
×
(
θ
1arcmin
)−1
. (5)
It can be shown by means of the Cauchy-Schwarz inequal-
ity that the signal-to-noise ratio for a given halo is maximised if
the weighting function U(ϑ) is chosen such that it follows the
halo density profile. With the latter unknown, this cannot gener-
ally be achieved, but we shall show later that the optimisation of
weighting functions is of minor importance.
The aperture size θ should be chosen large enough to encom-
pass a substantial number of background galaxies and to signifi-
cantly cover the extent of dark-matter haloes, and small enough
in comparison with typical field sizes and typical separations be-
tween neighbouring haloes. Aperture sizes of a few arc minutes
seem appropriate; to be specific, we choose θ = 3′ in the follow-
ing unless stated otherwise [see also Kruse & Schneider 1999].
2.2. Mass profiles
Let us now investigate the effect on the aperture mass if the den-
sity profile of a halo of fixed physical mass M is changed. We
choose two alternative density profiles, the singular isothermal
sphere and the profile suggested by NFW. We assume that halo
masses are virial masses, i.e. masses confined by the virial radius
r200,
r200 =
(
GM
100H2(z)
)1/3
, (6)
where H(z) is the Hubble function at redshift z. The virial radius
is defined such that the mean density within r200 is 200 times the
critical density.
2.2.1. Singular isothermal spheres
A singular isothermal sphere has the density profile
ρ(r) = σ
2
v
2piGr2
, (7)
where σv is the (radially constant) velocity dispersion along the
line-of-sight. Integrating (7) out to the virial radius (6), we find
the virial mass
M =
23/2 σ3v
10GH(z) . (8)
It is important for the following that the velocity dispersion
scales with mass as
σv ∝ M1/3 . (9)
Projecting the density profile (7) along the line-of-sight and
scaling the resulting surface mass density Σ with its critical value
for lensing,
Σcr =
c2
4piG
Ds
DdDds
, (10)
we arrive at the lensing convergence
κ(ϑ) = θE
2ϑ , (11)
where θE is the angular Einstein radius,
θE = 4pi
σ2v
c2
Dds
Ds
. (12)
Here and in (10), Dd,s,ds are the angular diameter distances be-
tween observer and lens, observer and source, and lens and
source, respectively.
Inserting (11) and (3) into (1), we find the aperture mass for
the singular isothermal sphere,
M(SIS)ap (θ) =
4
5
θE
θ . (13)
Since the Einstein radius scales with σ2v , we see from (9) that
M(SIS)ap (θ) ∝ M2/3 . (14)
2.2.2. NFW haloes
NFW used numerical N-body simulations to show that relaxed
haloes assume the universal density profile
ρ(r) = ρcrit δc
(r/rs)(1+ r/rs)2
, (15)
where ρcrit is the critical density and δc is a characteristic over-
density. The characteristic radial scale rs is related to the virial
radius through rs = r200/c, where c is the concentration param-
eter. Bartelmann (1996) showed that the NFW profile has the
lensing convergence
κ(x) =
2κs
x2− 1
(
1− 2√
1− x2 arctanh
√
1− x
1+ x
)
, (16)
with the convergence scale
κs ≡ ρcritδcrsΣcr , (17)
and x ≡ r/rs. NFW described how the parameters δc and rs are
related to the virial mass M of the halo. Hence, despite the two
formal parameters in the profile (15), it is entirely determined
once the halo mass is fixed. The statistics of dark-matter haloes
described by the NFW density profile has also been investigated
by Kruse & Schneider (1999).
Unfortunately, there is no closed expression for the aperture
mass of an NFW profile. Numerically, however, it turns out
to be fairly shallow, approaching a constant for small apertures
θ → 0. It is therefore appropriate to expand the aperture mass
into a series in
t ≡ θθs , (18)
2
were θs is the angular scale radius, θs = rs/Dd. We find
M(NFW)ap (t) ≈ κs
[
1+ t2
(
19
32 +
3
4
ln t
2
)
+ t4
(
77
160 +
3
4
ln t
2
)]
, (19)
which shows that M(NFW)ap → κs in the limit of small aper-
tures. For haloes massive enough to produce a significant weak-
lensing signal, ρcrit δc varies only very little with mass. There-
fore, M(NFW)ap essentially measures the scale radius rs or, equiva-
lently,
M(NFW)ap ∝ M1/3 ; (20)
cf. Eq. (6).
Equations (20) and (14) show that the aperture mass mea-
sures different physical quantities depending on the density pro-
file of a given halo. Although the scaling with virial mass is not
wildly different between singular isothermal spheres and NFW
haloes, the effect on weak-lensing observations of a halo popu-
lation can be substantial, as we shall show below. For a given
virial halo mass, the virial radius is determined by (6). Irrespec-
tive of the density profile, the halo mass within r200 is therefore
fixed. For the isothermal profile, the mass grows linearly with
radius to reach M at r200, while it grows more rapidly for r . rs
and less rapidly beyond rs in case of an NFW density profile.
The mass enclosed by r in an NFW halo thus exceeds that in
a singular isothermal halo for all r ≤ r200. An NFW halo con-
centrates more mass in a given radius r ≤ r200, and therefore
produces a stronger weak lensing effect for a given aperture size
if r & rs. Although the previous scaling (20) was derived in the
limit of small apertures, t ≪ 1, the preceding argument shows
that the main result will continue to hold also for larger aper-
tures, namely that an NFW halo needs less mass to produce the
same weak-lensing signal as a singular isothermal halo.
2.2.3. Weighting functions
As mentioned before, Map can be optimised by choosing the
weight function U(ϑ) such that it follows the halo density profile
(Schneider 1996). Of course, this cannot completely be achieved
because of the requirement (2) that U(ϑ) be compensated. It is,
however, possible to choose the weighting function such that
it approximately follows the slope of the halo density profile
within most of the aperture. For singular isothermal spheres,
such an approximation could be
U(ϑ) ∝ 1√
ϑ2 +ϑ2c
−C , (21)
where ϑc removes the central singularity, C must be chosen to
satisfy (2) and the normalisation is the same as for (3). For the
NFW profile, an optimised weighting function is more difficult
to construct because the physical scale rs changes its angular
size with halo distance, so that the weighting function would
have to vary with distance. Near rs, where the NFW profile
gently steepens from r−1 to r−3, the profile is approximately
isothermal, so some improvement from using (21) instead of (3)
is also expected for the NFW profile. Figure 1 shows the aper-
ture mass as a function of aperture size for singular isothermal
spheres and NFW haloes, using the weighting functions (3) and
(21).
The figure summarises the results obtained in this subsection.
While Map(θ) falls ∝ θ−1 for the singular isothermal sphere, it
FIG. 1.—Aperture mass profiles Map(θ) for a singular isothermal
sphere (steeper curves) and an NFW halo (flatter curves) with mass
1014 M⊙/h at redshift 0.2. In this figure, the source redshift is 1.0.
While Map falls like θ−1 for the SIS, it flattens for small θ for the NFW
case. The solid curves were obtained with the weighting function (3),
while (21) was used to obtain the dotted curves. The optimised weight-
ing function (21) improves Map by ∼ 30% for the singular isothermal
sphere, and less for the NFW profile.
flattens for θ → 0 for the NFW profile. The weighting func-
tion (21), which is adapted to the isothermal profile, improves
Map(θ) quite appreciably for the singular isothermal sphere, and
less so for the NFW profile. Since the noise (5) is proportional
to θ−1, the S/N of Map(θ) is constant with θ for the singular
isothermal sphere, and is maximised for the NFW profile at a
filter scale of a few arc minutes, where its slope is isothermal.
2.3. Halo substructure and asymmetry
Since massive haloes are cosmologically young objects, they
frequently show substructure or deviations from axial symmetry.
One may wonder whether the relations derived above between
aperture mass and virial mass cease to hold if the halo symmetry
is perturbed.
For a specific example, let us distort the projected NFW pro-
file (16) such that lines of constant surface density become el-
liptical, while keeping the azimuthally-averaged density profile
unchanged. This is achieved by multiplying κ(x) with (1−e)1/2
and replacing the radial distance x by
ξ = [x21 +(1− e)2 x22]1/2 , (22)
where 0 ≤ e < 1 is the ellipticity parameter. To first order in e,
this changes the NFW convergence to
κ˜(ξ) = κ(x)− e
{
κ(x)
2 +
x22
1− x2
[
3κ(x)− 2
x2
]}
. (23)
The solid line in Fig. 2 shows the ratio between the aperture
masses of the elliptically distorted and the circularly symmetric
NFW profiles, κ˜(ξ) and κ(x), for e = 0.2.
The influence of halo ellipticity can also be quantified by
comparing M(SIE)ap for the singular isothermal ellipsoid (Kor-
mann et al. 1994) with M(SIS)ap . The convergence of the SIE is
κ(ϑ,φ) = θE
2ϑ
√
1− e√
cos2 φ+(1− e)2 sin2 φ
, (24)
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FIG. 2.—Influence of halo ellipticity on the aperture mass. The solid
curve shows the ratio of the aperture masses for an elliptically distorted
NFW halo and one that is circularly symmetric. The assumed ellipticity
is e = 0.2. At an aperture size of θ = 3′, the ratio deviates from unity by
less than 2 per cent. The dotted curve shows the same ratio for singular
isothermal profiles, which is independent of aperture size. Here, the
deviation from unity is 0.25 per cent.
where φ is the position angle with respect to its major axis and θE
is the equivalent circular Einstein radius. Note that this reduces
to the SIS when e = 0. We find the closed form
M(SIE)ap
M(SIS)ap
=
2
√
1− e
pi
K
(√
1− (1− e)2
)
, (25)
where K(m) is the complete elliptic integral of the first kind, fol-
lowing the notation in Gradshteyn & Ryzhik (1965). There is no
dependence upon the particular form of filter function adopted,
or upon its scale. The ratio (25) deviates from unity by less than
3 per cent if e≤ 0.5, and by less than 11 per cent if e≤ 0.75. A
Taylor expansion for (25), to second order in e about e = 0 reads
M(SIE)ap
M(SIS)ap
= 1− e
2
16 +O(e)
3 . (26)
For e = 0.2, this deviates from unity by 0.25 per cent, indicated
by the dotted line in Fig. 2.
Now consider how substructure changes the measured aper-
ture mass, and how the aperture mass obtained for a “realistic”
cluster deviates from M(NFW)ap . Intuitively, the presence of sub-
structure in a halo should not influence the aperture mass derived
from κ provided that the total halo mass remains fixed. The most
accurate description of substructure is obtained from high res-
olution N-body simulations, and we use a scaled cluster from
Springel (1999); a preliminary consideration of Map applied to
such simulations was presented in King et al. (2000). For con-
sistency with the simulations we adopt h = 0.7, Ω0 = 0.3 and
ΩΛ = 0.7. The value of M(SIM)ap obtained for this simulated clus-
ter is the same as that of its azimuthally averaged counterpart,
within numerical accuracy.
Figure 3 shows the convergence of the simulated cluster, and
of the best-fit NFW model (c = 4.9, r200 = 1.1 Mpc) over the
range plotted. Towards smaller radii, the simulation profile is
steeper than NFW, resulting in the best-fit NFW profile having
a larger concentration parameter when the inner fitting radius is
decreased. The differences between the aperture masses M(SIM)ap
calculated directly from the cluster simulation and M(NFW)ap for
the best-fit NFW model are also negligible for aperture sizes
of interest. In other words, the presence of substructure at a
level consistent with N-body simulations does not significantly
change the relationships between aperture mass and virial mass.
FIG. 3.—The true convergence profile of the simulated cluster with
substructure (solid line) and the best-fit NFW convergence (dotted line).
3. HALO POPULATION
An approximate description for the mass function of haloes was
given by Press & Schechter (1976). In terms of mass M and
redshift z, their mass function can be written as
nPS(M,z) =
ρ¯√
2piD+(z)M2
(
1+
n
3
) ( M
M∗
)(n+3)/6
× exp
[
− 1
2D2+(z)
(
M
M∗
)(n+3)/3]
, (27)
where M∗ and ρ¯ are the nonlinear mass today and the mean
background density at the present epoch, and D+(z) is the lin-
ear growth factor of density perturbations, normalised to unity
today, D+(0) = 1. Finally, n is the effective exponent of the
dark-matter power spectrum at the cluster scale, n≈−1.
Sheth & Tormen (1999) recently modified the mass function
(27), and Sheth et al. (1999) introduced ellipsoidal rather than
spherical collapse. Jenkins et al. (1999) derived the mass func-
tion of dark-matter haloes from numerical simulations and found
a fitting formula very close to Sheth & Tormen’s, but with lower
amplitude at the high-mass end. Although these different mass
functions are very similar over a wide range of masses, their dif-
ferent behaviour at high mass can lead to noticeable changes in
our results. We use the mass function by Jenkins et al. for the
results shown below.
For rich groups and clusters, the halo mass function is steep in
mass. Therefore, even a moderate change in the mass range con-
sidered can lead to substantial changes in the total halo number.
We saw above that the aperture mass effectively measures differ-
ent fractional powers of the halo mass depending on the density
profile. As the halo mass decreases, Map decreases faster for
singular isothermal spheres than for haloes with NFW profile.
The halo mass range probed by the aperture mass will therefore
be narrower if the halo population consists of singular isother-
mal spheres than if it consists of NFW haloes. Considering the
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steepness of the halo mass function, we expect to see substan-
tially more haloes with significant aperture mass if the halo pop-
ulation is characterised by the NFW density profile compared to
the singular isothermal profile. We will now quantify this expec-
tation.
4. RESULTS
We describe significant weak gravitational lensing by a halo in
terms of the signal-to-noise ratio,
S(θ) =
Map(θ)
σM(θ)
, (28)
with σM(θ) given by (5). To be specific, we require S ≥ Smin
for a significant measurement of the aperture mass, and choose
Smin = 5 in the following.
In the absence of noise, there would be a one-to-one rela-
tion between aperture mass and physical mass, so that a sharp
detection cut-off on Map would map onto a sharp threshold in
mass. However, since the aperture-mass dispersion (5) is finite,
some haloes with mass below the threshold have higher, and
some haloes with mass above the threshold have lower aperture
masses than the cut-off. With the halo mass function falling
steeply, on average more low-mass haloes are gained in the sam-
ple than high-mass haloes lost. We must therefore take this bias
into account, which we do by convolving the sharp boundary in
mass with a Gaussian of width
∆M =
( ∂S
∂M
)−1
. (29)
Needless to say, ∆M depends on halo mass and redshift.
Figure 4 shows contours of the number density in the mass-
redshift plane of haloes with a significant aperture mass, inte-
grated over the sky. The underlying cosmological model is spa-
tially flat and has low density, Ω0 = 0.3, ΩΛ = 0.7, h = 0.7, and
the dark-matter power spectrum is normalised such that the local
abundance of rich clusters is reproduced. The solid contours are
for singular isothermal spheres, the dotted contours for NFW
haloes. Obviously, the mass range in which NFW haloes can
produce a significant weak-lensing signal is much wider than
for singular isothermal spheres.
While Fig. 4 qualitatively illustrates the effect expected, the
two panels of Fig. 5 show the distribution of weak-lensing haloes
in redshift and mass, respectively. Three pairs of curves are
shown in each figure for three representative cosmological mod-
els, all of which are normalised to reproduce the local clus-
ter abundance. The models are ΛCDM (Ω0 = 0.3, ΩΛ = 0.7,
h = 0.7), OCDM (Ω0 = 0.3, ΩΛ = 0.0, h = 0.7), and SCDM
(Ω0 = 1.0, ΩΛ = 0.0, h = 0.5). Quite independent of the cos-
mological model, the peak amplitudes of the curves for singular
isothermal spheres are approximately one order of magnitude
lower than for NFW haloes.
Figure 6 shows the expected number on the sky of haloes
with a significant aperture mass, in dependence on the den-
sity parameter Ω0. Two pairs of curves are shown. The upper
pair refers to NFW haloes, the lower one to singular isothermal
spheres. In each pair, the solid curve was calculated for open
universes, ΩΛ = 0, and the dashed curve for spatially flat uni-
verses, ΩΛ = 1−Ω0. Note that the Hubble constant is not varied
here, h = 0.7.
On the whole, the expected number of weak-lensing haloes is
higher by about an order of magnitude than if the haloes have an
NFW rather than a singular isothermal density profile. The de-
pendence on cosmology is very mild, in particular for the NFW
FIG. 4.—Number density of haloes d2N/dMdz in the M-z plane, inte-
grated over the sky, which produce a significant weak-lensing signal.
Solid contours: singular isothermal spheres, dashed contours: haloes
with NFW density profile. Evidently, the distribution of gravitation-
ally lensing haloes in mass and redshift changes substantially with the
density profile. The contour levels range from 10−10.5 to 10−7 hM−1⊙
and are spaced by 0.25 dex. The cosmology is ΛCDM (Ω0 = 0.3,
ΩΛ = 0.7,h = 0.7).
haloes, and its trend seems counter-intuitive. Haloes tend to
form earlier in low- than in high-density universes, hence one
should expect the number of weak-lensing haloes to increase
with decreasing Ω0. Contrary to that expectation, the halo num-
ber tends to increase slightly with increasing Ω0.
The reason for this trend is the fact that the overdensity in-
side virialised haloes grows with increasing Ω0. This is most
easily seen in the spherical collapse model, in which the virial
overdensity for critical-density universes is ∆c = 18pi2 ≈ 178 in-
dependent of redshift, but lower by a factor of ∼ 2 for Ω0 = 0.3
at low redshifts. Consequently, haloes of fixed mass have higher
Map in high-density universes, or, conversely, haloes that pro-
duce a given minimum Map can have lower mass in high-density
universes. We have seen before that small changes in the mass
range probed lead to large changes in the halo numbers because
the mass function is so steep. Hence, the higher compactness of
haloes in high-density universes leads to an increase in the num-
ber of visible haloes that overcompensates for the more rapid
decrease in halo number with increasing redshift. Figure 7 fur-
ther illustrates this point.
5. DISCUSSION AND CONCLUSIONS
We studied in this paper how the number of dark-matter haloes
with a significant weak-lensing signal depends on the halo den-
sity profile. We modelled the halo population following the
modification to the Press-Schechter mass function by Jenkins et
al. (2000), and their density profiles as either singular isothermal
or NFW profiles. As a measure for weak gravitational lensing,
we chose the aperture mass, which is a weighted integral over
the scaled surface mass density within a circular aperture. Due
5
FIG. 5.—Distribution of gravitationally lensing haloes in redshift (left panel) and mass (right panel) for three different cosmological models and
two different density profiles. Solid curves: ΛCDM, dotted curve: OCDM, dashed curve: SCDM. In both panels, the three curves with the lower
amplitude refer to SIS haloes, those with the higher amplitude to NFW haloes. While the redshift range is fairly insensitive to the density profile, the
mass range reaches to substantially lower mass for a halo population with NFW density profile compared to a population with singular isothermal
profile.
FIG. 6.—Total number of gravitationally lensing haloes on the sky as
a function of the cosmic density parameter Ω0. Solid curves: ΩΛ = 0,
dashed curves: ΩΛ = 1−Ω0. The lower pair of curves refers to SIS
haloes, the upper to NFW haloes.
to its direct relation to the gravitational tidal field, the aperture
mass Map is a directly observable quantity. We call the expected
weak lensing signal significant if its signal-to-noise ratio is five
or higher.
We further assume that the dark matter has a CDM power
spectrum, normalised such that the local abundance of rich
galaxy clusters is reproduced.
Our results can be summarised as follows:
1. For singular isothermal spheres, aperture mass Map and
physical mass M are related by Map ∝ M2/3, for NFW
haloes, by Map ∝ M1/3. This result was found earlier
(Bartelmann 2001), but we repeat it here for complete-
ness. Depending on the density profile, the aperture mass is
therefore sensitive to different scalings of the physical halo
mass.
2. Changes in the relation between Map and M imply that the
physical halo mass range probed by Map depends on the
density profile. It is wider if the relation is flatter, hence
Map probes a larger physical mass range if the haloes have
NFW profiles.
3. Weak-lensing measures like Map are sensitive to haloes
with masses M & 5× 1013 h−1 M⊙, above the non-linear
mass today, M∗ ∼ 1013 h−1 M⊙. Therefore, in the mass
range probed by weak lensing, the halo mass function
steepens from the power-law to the exponential fall-off.
Even moderate extensions of the mass range therefore lead
to substantial changes in the detectable halo numbers.
4. The mass range probed in low-density universes (Ω0 ∼
0.3) is ∼ (1.5 ± 0.9) × 1014 h−1 M⊙ for NFW haloes,
and notably shifted to higher masses for singular isother-
mal haloes, ∼ (4.8 ± 1.5) × 1014 h−1 M⊙. In high-
density universes (Ω0 ∼ 1.0), typical masses are lower;
∼ (1.0±0.5)×1014 h−1 M⊙ for NFW, and ∼ (2.1±0.7)×
1014 h−1 M⊙ for singular isothermal haloes.
5. For low-density universes, the redshift range of the weak-
lensing haloes is ∼ (0.4± 0.18), while it is slightly nar-
rower and shifted to somewhat lower redshift, ∼ (0.3±
0.14), for high-density universes. The redshift range is
fairly independent of the halo density profile.
6. Quite independent of the cosmological parameters, the ex-
pected number of significantly lensing haloes per square
degree is∼ 10 if the haloes have NFW density profiles, and
approximately an order of magnitude less if they are singu-
lar isothermal spheres. The somewhat surprising result that
the number of weak-lensing haloes does not substantially
change with cosmic density is due to the balance between
halo evolution and halo compactness. While the number of
haloes decreases much more rapidly with increasing red-
shift in a high-density universe, their virial overdensity is
higher, giving rise to a stronger lensing signal. As illus-
trated in Fig. 7, this allows the detection of haloes with
somewhat smaller mass, which significantly increases the
detectable halo number because of the steepness of the
mass function.
6
FIG. 7.—Similar to Fig. 4, contours are shown of the number over all
the sky of haloes in the M-z plane which produce a significant aperture
mass. The haloes are assumed to have NFW density profiles. The solid
and dotted sets of contours refer to the ΛCDM and SCDM models,
respectively. As in Fig. 4, the contour levels range from 10−10.5 to
10−7 hM−1⊙ and are spaced by 0.25 dex. For high Ω0, the contours shift
to lower mass because haloes in high-density universes tend to be more
compact, as described in the text.
These results demonstrate the possibility to constrain the den-
sity profile of dark matter haloes by counting how many haloes
per square degree produce a significant weak lensing signal. Of
course, dark-matter density profiles can also be directly mea-
sured using weak lensing methods. However, such measure-
ments suffer from the intrinsic resolution limit of weak lensing
due to the finite number of background galaxies, and the fact that
the NFW density profile has approximately isothermal slope in
the radial range where weak-lensing measures are most sensi-
tive. Furthermore, King & Schneider (2001) investigated how
easy it is to distinguish between NFW and power-law profiles,
using a maximum likelihood approach. It was concluded that
wide field images are required to put a significant constraint on
the density profile of an individual cluster.
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